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Numerical evidence for the Maldacena conjecture in two-dimensional 
A/" = (8, 8) super Yang-Mills theory* 

J.R. Hiller a 

department of Physics, University of Minnesota-Duluth, Duluth, MN 55812 USA 

The N — (8, 8) super Yang-Mills theory in 1 + 1 dimensions is solved at strong coupling to directly confirm 
the predictions of supergravity at weak coupling. The calculations are done in the large- N c approximation using 
Supersymmetric Discrete Light-Cone Quantization. The stress-energy correlator is obtained as a function of the 
separation r; for intermediate values of r, the correlator behaves in a manner consistent with the 1/r 5 behavior 
predicted by weak-coupling supergravity. 



1. INTRODUCTION 

The conjectured correspondences |1I2| between 
certain string theories and supersymmetric Yang- 
Mills (SYM) theories at large-iV c can be tested 
directly if one is able to solve an SYM theory 
at strong coupling. The solution can then be 
compared to a small-curvature supergravity ap- 
proximation to the corresponding string theory. 
This approach requires a nonperturbative tech- 
nique for SYM theories, and one has been devel- 
oped over the past several years as a supersym- 
metric form j.'jl 1| of discrete light-cone quantiza- 
tion |5l(i| . known as SDLCQ. 

The SDLCQ approach is a Hamiltonian for- 
mulation in a Fock basis using light-cone coor- 
dinates [7|. The choice of coordinates allows for 
a simple vacuum and a consistent Fock expan- 
sion. The momentum-space wave functions in 
the different Fock sectors then satisfy coupled in- 
tegral equations which can be discretized to ob- 
tain a matrix representation of the bound-state 
eigenvalue problem. The discretization is actu- 
ally done at the level of second-quantized oper- 
ators expanded in momentum modes; however, 
this ultimately yields the same matrix eigenvalue 
problem. 

The quantity which we compute in order to test 
a correspondence is a two-point correlator of the 
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stress-energy tensor. The correlator is computed 
in SDLCQ by inserting a sum over the eigen- 
states obtained in the matrix diagonalization. To 
keep the calculation manageable, we consider the 
case of AT = (8, 8) SYM theory in two dimensions 
which corresponds to a particular type IIB string 
theory The supergravity approximation to 
the correlator is discussed in [S]. The potential 
for an SDLCQ check of this correspondence was 
explored there and in subsequent work but 
the numerical resolution available in this earlier 
work was insufficient for a true test. We have now 
reached a resolution sufficient to provide evidence 
of consistency in the correspondence [TU| . 

An outline of the remainder of the paper is as 
follows. Sectional describes the SDLCQ method. 
The particular SYM theory is described in Sec. 03 
and the calculation of the correlator is formulated 
in Sec. 0] For comparison purposes, we consider 
both N = (8, 8) and Af = (2, 2) theories. The re- 
sults are presented and discussed in Sec.[5J Some 
additional discussion is provided in Sec. 

2. SUPERSYMMETRIC DISCRETE 
LIGHT-CONE QUANTIZATION 

We use light-cone coordinates as suggested by 
Dirac 0. The time coordinate is x + = (t+z)/V2, 
and the space coordinate is x~ = (t — z)/^/2. 
The conjugate variables are the light-cone energy 
p~ = (E — p z )/>/2 and momentum p + = (E + 
Pz)/v / 2- The mass-shell condition p 2 — m 2 then 
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2/r 



yields p~ 

The discretization proposed by Pauli and Brod- 
sky [S] , known as discrete light-cone quantization 
(DLCQ) 6 , is based on the imposition of pe- 
riodic boundary conditions on a light-cone box 
—L < x~ < L. This yields a discrete grid in 
momentum space where individual momenta are 
specified by pf = -f^rii, with rii a positive integer. 
For fixed total momentum P + , the limit L — > oo 
is exchanged for a limit in terms of the integer res- 
olution K = —P + . Since the individual momenta 
are strictly positive, K is the upper limit on the 
number of particles allowed by the discretization. 
Integrals are replaced by discrete sums 



(i) 



and Dirac delta functions become Kronecker 
deltas 



S(p+- P +)^-S n 



(2) 



Supersymmetric DLCQ (SDLCQ) is con- 
structed 3 to maintain the supersymmetry al- 
gebra 



{Q + ,Q + } 
{Q-,Q~} 
{Q + ,Q-} 



= 2v / 2P 4 
= 2V2P- 
= -4Pi. 



(3) 



This algebra is satisfied explicitly by first dis- 
cretizing the supercharge Q~ and computing 
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SDLCQ 



2V2 



{Q-,Q~}- 



(4) 



In ordinary DLCQ, the P~ operator is discretized 
directly and the supersymmetry algebra is not 
satisfied, except in the limit of infinite resolu- 
tion. By preserving the supersymmetry algebra, 
SDLCQ preserves supersymmetry in the spec- 
trum, even at finite resolution. 

3. SUPER YANG MILLS THEORIES 

The 7V=(8,8) SYM theory is obtained by re- 
ducing M = 1 SYM theory from ten to two di- 
mensions. The action in light-cone gauge (A— = 



0) is [33] 



°1 + 1 



dx dx tr 



(5) 



+lw R 



0-07 



+ ^(d-A + ) 2 +gA + J+ 
+y/2gOZ0i[Xi,9 a ] + ^[Xi,Xj1 



Here the Xj, with I = 1,...,8, are the scalar 
remnants of the transverse components of the ten- 
dimensional gauge field A^. The two-component 
spinor fields 8^ and 9i are remnants of the right- 
moving and left-moving projections of the original 
sixteen-component spinor. We also have the cur- 
rent J + = i[Xj, d-Xi] + 20^,0 n and two matrices 
/3i = d , 02 = 03- The supercharges for this the- 
ory can be obtained by dimensionally reducing 
the ten-dimensional supercurrent, which yields 



Qa=9j dx-tY ^-2 3 ^J + -^-U a 

+2- 1 / 4 i[X I ,X J ]{f3 I (3j) av u v 



(6) 



where a, rj = 1, . . . , 8 and the u a are the compo- 
nents of Or. The mode expansions of the dynam- 
ical fields are 



Xi pq (x ) 



1 



dk+ 



x[A Ipq (k + )e 



2ir Jo V2k 



(7) 



A Iqp 



(k+)e 



ik x 



and 

■ 1 pq ) 



U. 



dk+ 

7f 



(8) 



x [B apq (k+)e- lk+x ' + Bl q Jk+y k+x 



where p,q — 1,2,..., N c . 

The operators A and B satisfy the 
(anti) commutation relations 



[A Ipq (k+),Al s (k'+)} 
= Su5 pr 5 qs 5(k + - 



(9) 



k'+) 



{B apq {k+),Bl rs {k'+)} 

= S a fjS pr S qs S(k + - k + ). 
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In the discrete approximation, we rescale the an- 
nihilation operators as 



\{k) = A(k^ 
L -b(k) = B(fc^ 
We then have 



irk, 
T 
nk 



(10) 



[a Ipq {k),a\ ]rs {k')\ = 

{K Pq {k),b} jrs (k')} = 



6ijS pr 6 qa Skk' > 

SapSprSggSkk' , 



(11) 

(12) 



and 



Xi pq {x ) 



k—l 

+4 9 p(fc + )e iffa "] (13) 

oo 1 

+»!«.<*>«'***"]■ 



The presence of extended supersymmetry 
means that there are eight different Hamiltoni- 
ans P~ = {Qa, Qa j/2%/2, any one of which can 
be diagonalized. There exist unitary transforma- 
tions between them to guarantee that the spec- 
trum is the same for all. We will work with P g _ . 

This Hamiltonian can be block diagonalized by 
taking advantage of various symmetries ^U] . The 
generators of these symmetries are given in Ta- 
ble ^ The block diagonalization significantly re- 
duces the computational load for diagonalization. 

The JV=(2,2) SYM theory is obtained through 
reduction of the Af—l SYM theory from four to 
two dimensions The action is the same as 

for 7V=(8,8), except that the indices run from 1 
to 2 instead of 1 to 8. Just as there are fewer dy- 
namical fields, there are also fewer symmetries. 
The smaller number of fields allows calculations 
at higher resolution; we have reached K = 14 for 
the (2,2) theory vs K = 11 for the (8,8) theory. 
However, there is no conjecture of correspondence 
or any separate estimate of the correlator's behav- 
ior for the (2,2) theory. 



4. STRESS-ENERGY CORRELATOR 

The stress-energy correlation function that we 
compute is 



F(x~,x + ) = (T++(x)T ++ (0)). 



(14) 



For the string theory corresponding to two- 
dimensional Af=(8,8) SYM theory, F can be 
calculated on the string-theory side in a weak- 
coupling super-gravity approximation. Its be- 
havior for intermediate separations r = y/2x + x~ 
is 



F(x~,x + ) 



9YM r 



(15) 



We will compute F in SYM theory and compare, 
considering both Af = (8, 8) and (2, 2) theories. 

We fix the total momentum P + = P_ and 
compute the Fourier transform, which can be ex- 
pressed in a spectral decomposed form as jS] 



P(P_,2i H 



(16) 



= ^<T++(P_,z+)T++(-P_,0)) 



= E^°i r++ ( p -' )i 



x (t|T++(-P_,0)|0>. 

The position-space form is recovered by the in- 
verse transform, with respect to P_ = Ktz/L. 
The continuation to Euclidean space is made by 
taking r to be real. This yields 



F(x-,x+) = J2 \-(0\T ++ (K)\ 

i 

2 M?K A {M^2x+x-) 



(17) 



x- ) 8tt 2 K 3 
The stress-energy operator P++ is given by 
T++(x-,x+) =tr[(9_X z ) 2 (18) 
+~(iu a d_u a - i(d_u a )u a ) 

In terms of the discretized creation operators, we 
find 



T ++ (-K)\0) 



(19) 
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Table 1 



Generators of symmetries for the Hamiltonian P s 





ai 


012 


A3 


014 


a 5 


a 6 


a 7 


a 8 


61 


b 2 


&3 


&4 


b 5 


06 


b 7 


1 


a\ 


as 


-as 


—a4 


-o 3 


a6 


-a 7 


a 2 


61 


W 


-63 


62 


67 


-06 


b 5 


2 


«2 


ai 


-a 5 


—016 


-a 3 


— 04 


-a 8 


-a 7 


04 


h 


h 


6l 


b 5 


-0 6 


-67 


3 


«2 


ai 


-a 6 


a 8 


017 


-a 3 


015 


04 




-b 2 


b 6 


h 


64 


63 


-67 


4 


-a x 


-a 2 


-a 3 


— a4 


-a 5 


—016 


-a 7 


—018 


01 




63 


&4 


b 5 


be 


b 7 


5 


a i 


a 2 


013 


— a4 


-015 


«<> 


-a 7 


-as 


bx 


62 


-63 


-64 


-65 


-6 6 


b 7 


G 


-ax 


a 2 


013 


— 04 


015 


-a 6 


-a 7 




b x 


-62 


&3 


-64 


-65 


6 6 


-b 7 


7 


«i 


-a 2 


"3 


«4 


-a 5 


-a 6 


-a 7 


a 8 


-h 


b 2 


63 


-64 


b 5 


-b 6 


-b 7 



fe=i 



+ (T-*) 6 a«(^-*) 6 U*) 



|0). 



Thus (L/7r)(0|T++(if)|i) is independent of L. 
Also, only one symmetry sector contributes. 

The correlator behaves like 1/r 4 at small r, 
as can be seen by taking the limit to obtain 

(ir) 2 F(x-,x+) ~ *£<§gpA(l - 1/K). To 
simplify the appearance of this behavior, we 
rescale F by defining 



4 7r 2 r 4 



(20) 



JV c 2 (2n 6 + n/) 

Then / is just (1 — 1/K) for small r. 

We compute / numerically by obtaining the 
entire spectrum for small matrices and by using 
Lanczos iterations for large matrices. The Lanc- 
zos technique [5] generates an approximate tridi- 
agonal representation of the Hamiltonian which 
captures the important contributions after only a 
few iterations and which is easily diagonalized to 
compute the sum over eigenstates. 

5. RESULTS 

The log-log derivative of the rescaled correla- 
tor / is plotted in Fig. ^ for both SYM theories 
and for a range of resolution values. At small 
r, the graphs for different K match the expected 
(1— 1/K) behavior. At large r, the behavior is dif- 
ferent between odd and even K , although in the 



intermediate region, the difference gets smaller 
as K gets bigger. The difference in behavior at 
large r is due to the absence of an exactly mass- 
less state among states that contribute for K odd. 
For each even K there is a contributing massless 
state, which allows the correlator to return to the 
proper 1/r 4 behavior at large r. For odd K, the 
lowest contributing state becomes massless only 
in the large- if limit. In the JV = (8, 8) theory, the 
corresponding supergravity solution for interme- 
diate r implies that the log-log derivative of the 
rescaled correlator should be equal to —1. 

For small and intermediate r we can extrapo- 
late the values of / to infinite resolution. Typical 
extrapolations for the (8, 8) theory are given in 
Fig. |21 The range of values obtained with fits 
of different orders to odd and even K provides 
an estimate of the interval within which the ac- 
tual value should lie. We display these intervals 
in Fig. [3J The two theories clearly differ in their 
behavior for intermediate r and only the (8, 8) 
theory is consistent with the 1/r behavior pre- 
dicted for it by the supergravity approximation 
to the dual string theory. 

6. CONCLUSIONS 

The calculations that we have done succeed in 
distinguishing between theories that differ in the 
amount of extended supersymmetry. Only the re- 
sult for the Af = (8, 8) theory is consistent with a 
1/r 5 behavior and thus with the Maldacena con- 
jecture for this theory |2I8| . The errors in the ex- 
trapolations remain too large to support a claim 
of computing the expected 1/r behavior, but the 
numerical evidence is consistent. Additional cal- 
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Figure 1. Plots of the log-log derivative of the 
rescaled correlator / for the (a) M = (2, 2) and 
(b) (8, 8) SYM theories. Each curve corresponds 
to a different resolution K, with K ranging from 
3 to 14 in (a) and from 3 to 11 in (b). For odd 
K the curves are solid, and for even K they are 
dashed. The separation r is measured in units of 



Figure 2. Sample extrapolations for the log- 
log derivative of the rescaled correlator / in the 
TV = (8,8) theory for (a) log 10 (r) = 0.2 and (b) 
log 10 (r) = 0.5. The lines show quadratic (solid) 
and cubic (dashed) fits to the computed points, 
with the fits done separately for odd and even K. 
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Figure 3. Summary of extrapolations to infinite 
resolution for the (a) TV = (2, 2) and (b) (8, 8) 
SYM theories. The vertical segments represent 
the intervals obtained by various choices of ex- 
trapolations, such as those shown in Fig. 



culations at higher resolution may soon be pos- 
sible, and these may well provide explicit confir- 
mation of the conjecture. 
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